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$T$ Positive ( $T\geq 0$
) $(Tx, x)\geq 0$ for all $x\in H$ $T$ strictly poeitive ( $T>0$ )
$T$ positive invertible positive operator 11
Theorem L-H (L\"owner-Heinz inequality 1934). If $A\geq B\geq 0$ , then $A^{\alpha}\geq B^{\alpha}$ for any $a\in[0,1]$ .
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ L-H $\alpha>1$
Theorem $\mathrm{F}$ (Furuta inequality 1987) [5].
If $A\geq B\geq 0$ , then for each $r\geq 0$ ,
(i) $(B^{\frac{f}{2}}’ A^{p}B \frac{f}{2})^{\frac{1}{\mathrm{q}}}\geq(B^{\frac{f}{2}B^{\mathrm{p}}B^{\frac{f}{2}})^{\frac{1}{q}}}$
and
(ii) $(A^{\frac{f}{2}A^{\mathrm{p}}A^{\frac{f}{2}})^{\frac{1}{\mathrm{q}}}} \geq(A^{\frac{r}{2}}B^{p}A\frac{f}{2})^{\frac{1}{q}}$
hold for $p\geq 0$ and $q\geq 1$ with $(1+r)q\geq p+r$ .
Theorem $\mathrm{F}$ [5] $[1],[8]$ C531J [6] –.
(i) (ii) $\mathrm{P}$, $q$ , r best possible domain
[10] $r<0$ Theorem A
Theorem A [9] [11]. Let $A,$ $B\in B(H)$ , then the $f_{\mathit{0}\iota\iota_{\mathit{0}}v}\dot{n}ng$ assertions hold.
(1) If $A\geq B\geq 0_{v\dot{n}}thA>0$, then $A^{1-t} \geq(A^{\frac{-t}{2}B^{p}A^{\frac{-t}{2})}}\frac{\iota-\ell}{p-t}$ for $1\geq p>t\geq 0$ with $p \geq\frac{1}{2}$ .
(2) If $A\geq B\geq 0$ vrith $A>0$, then $A^{-t}\geq(A^{\frac{-t}{2}B^{\mathrm{P}}A^{\frac{-\ell}{2})^{\frac{-\ell}{\mathrm{r}-\ell}}}}$ for $1\geq t>p\geq 0$ vrith $\frac{1}{2}\geq p$ .
(3) If $A\geq B\geq 0$ vrith $A>0$ , then $A^{2p-t}\geq(A\overline{\tau}_{B^{p}}^{\ell}A^{\frac{-\ell}{2}})-2\equiv-\ell t\mathrm{p}$ for $\frac{1}{2}\geq p>t\geq 0$ .
(4) If $A\geq B\geq 0$ vrith $A>0$ , then $A^{2_{\mathrm{P}}1-t}-\geq(A^{\frac{-\ell}{2}B^{p}A^{\frac{-\ell}{2}}})^{\mathrm{A}}2p^{\frac{-1-t}{-\ell}}$ for $1 \geq t>p\geq\frac{1}{2}$ .
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ A T.Yoshino (1) – $[13]_{\text{ }}$ [2] (1)
[9] (1), (3) $[3][4]$
[11] (1) $\sim(4)$ (3) 3
(1), (2) $,(4)$ best possible Theorem
A (3) (1), (2) $,(4)$ best possible
Theorem A $P$ $t$
(3) “Mysterious $\Delta$-zone” (1) (2)
Theorem A 2 (3)
best possibility




Proposition 1. Let $A,$ $B\in B(H)$ , then the folloudng (1) ensures (2);
(1) If $A\geq B\geq 0$ vrith $A>0$, ihen $A^{1-t}\geq(A^{\frac{-\ell}{2}B^{1}}\mathrm{z}A^{\frac{-t}{2})^{\frac{\iota-*}{\neq-\ell}}}$ for $\frac{1}{2}>t\geq 0$ .
(2) If $A\geq B\geq 0$ vrith $A>0$ , then $A^{2p-l} \geq(A^{\frac{-t}{2}B^{\mathrm{p}}A^{\frac{-t}{2}}})^{\infty^{-}}2p-\frac{\ell}{t}$ for $\frac{1}{2}\geq p>t\geq 0$ .
(1) Proposition E.Kamei
Proof. $A\geq B\geq 0$ Theorem L-H $A^{2p}\geq B^{2p}$ for $\frac{1}{2}\geq p>0$
(1)
$(A^{2p})^{1-t_{1}}$ $\geq$
$\{(A^{2_{\mathrm{P}}})\neq-\ell(B^{2p})^{\frac{1}{2}}(A^{2p})^{\frac{-\ell_{1}}{2}}\}^{\frac{1-t_{1}}{2^{-t_{1}}1}}$ for $\frac{1}{2}>t_{1}\geq 0$ . (2.1)
(2.1) $t_{1}= \frac{t}{2\mathrm{p}}$
$A^{2p-t}$ $\geq$ ($A^{\frac{-t}{2}B^{p}A^{\frac{-t}{2})}} \frac{2p-\ell}{\mathrm{p}-t}$ for $\frac{1}{2}\geq p>t\geq 0$. (2.2)
Proposition 1 Proposition 1 $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}5$
3 Lemma
Lemma $\mathrm{F}$ (Fhruta 1995) [7]. Let $A$ be a positive invertible operator, and let $B$ be an invertible operator.
For any real number $\lambda$ ,
$(BAB^{*})^{\lambda}=BA^{\frac{1}{2}}(A^{\frac{1}{2}}B^{*}BA \frac{1}{2})\lambda-1A\frac{1}{2}B*$ .
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Lemma 2. If $A\geq B\geq 0$ with $A>0$ , then
$A^{-\mathrm{P}^{S}}\geq(A^{\frac{-1}{2}B^{1-\mathrm{P}}}A^{\frac{-1}{2}})s$
holds for any $s\in[1,2]$ and $\frac{1}{s}\geq p\geq 0$ .
Lemma 2 $s= \frac{1}{p}$ . Corollary
Corollary 3. If $A\geq B\geq 0$ wiih $A>0$, then
$A^{-1}\geq(A^{=_{\tau^{1}}}B^{1}-_{\mathrm{P}}A^{\frac{-1}{2})^{\frac{1}{p}}}$
holds for any $p \in[\frac{1}{2},1]$ .
Lemma 2 $s=2$ Corollary
Corollary 4. If $A\geq B\geq 0$ with $A>0$ , then
$A-2_{\mathrm{P}} \geq(A\frac{-1}{2}B1-\mathrm{p}A^{\frac{-1}{2}})2$
holds for any $p \in[0, \frac{1}{2}]$ .
Corollary 3 Corollary 4 Theorem A (2) $,(4)$ $t=1$
Proof of Lemma 2.
$A$ $B$ invertibie $P$ $s$
Lemma $\mathrm{F}$ Theorem L-H 2
$(A^{\frac{-1}{2}B^{1-p}A^{\frac{-1}{2}}})^{s}$ $=$
$A^{\frac{-1}{2}B^{\underline{\iota}-_{B}}(B^{\underline{1}}2}2B\underline{1}-arrow-2A1-\mathrm{r})^{s}-1B\underline{1}_{X\frac{-1}{2}}-2A$ by Lemma $\mathrm{F}$
$\leq$








Theorem A (1) $\cap(3)arrow(4)arrow(1-b)arrow(2-b)arrow(3)$
(a). (1) $\cap(3)arrow(4)$ $A\geq B>0$ Corollary 4
$A^{-2(1-p})$ $\geq$ $(A^{\frac{-1}{2}B^{p}A^{\frac{-1}{2}}})^{2}$ for $p \in[\frac{1}{2},1]$ . (2.3)




for $\frac{1}{2}>t_{1}\geq 0$ . .
(2.4)
$A^{-2()()}1-p1-t_{1}$ $\geq$ $(A^{\frac{2(1-p)\ell-1}{2}}BpA^{\frac{2(1-p)p-1}{2}})^{\frac{1-t_{1}}{2^{-t_{1}}1}}$ . (2.5)
(2.5) $t_{1}= \frac{1-t}{2(1-p)}$ $t_{1},$ $P$ $1 \geq t>P\geq\frac{1}{2}$
$2(1-p)t_{1}-1=-t,$ $-2(1-p)(1-t_{1})=2p-1-t,$ $\frac{1-l}{\overline{2}^{-t_{1}}}=\frac{2p-1-l}{p-t}$ (2.5)
$A^{2p-1-t} \geq(A^{\frac{-t}{2}B^{p}A^{\frac{-\ell}{2})}}\frac{2-1-\ell}{p-\ell}$ for $1 \geq t>p\geq\frac{1}{2}$ .
(1) $\cap(3)arrow(4)$
(b). (4) $arrow(1-b)$ Theorem A (4) inverse
$A^{1+t-2p}$ $\leq$ ( $A^{\frac{-p}{2}B^{p}A^{\frac{-\ell}{2})}} \frac{1+*-2p}{\mathrm{p}-l}$ for $1 \geq t>p\geq\frac{1}{2}$ . (2.6)
$1 \geq t>p\geq\frac{1}{2}$ $1+t-2p\geq 1-t\geq 0$ $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ L-H (2.6)








$(B^{=_{2}R}A^{\mathit{0}}B^{=_{2}} \mathit{1}\frac{1-}{\ell-})zp$ for $1 \geq t>p\geq\frac{1}{2}$ . (2.9)
(2.9) A $\geq B$
$B^{1-\mathrm{P}}$
$\leq$ $B^{-_{2}}AB--2-ER$ by $A\geq B$
$\leq$ ($B^{-_{2}Z}-A^{\iota}B^{-}-z_{)} \frac{1-}{\ell-}z2P$ . (2.10)
(2.10) $p_{1}=t,$ $t_{1}=p$
$B^{1-t_{1}}$ $\leq$
$(B^{-e_{1}}\overline{2}A^{p}1B^{\frac{-\ell}{2}})^{\frac{1-t}{p_{1}-\ell_{1}}}$ for $1 \geq p_{1}>t_{1}\geq\frac{1}{2}$ . (2.11)
(2.11) (4) $arrow(1-b)$
$A^{1-t_{1}}\geq(A^{\frac{-\ell}{2}\mathrm{L}}B^{\mathrm{P}1}A\div)^{\frac{1-\ell}{\mathrm{p}_{1^{-\ell_{1}}}}}$ for $1 \geq p_{1}>t_{1}\geq\frac{1}{2}$ .
(c). $(1-b)arrow(2-b)$ $A\geq B>0$ Corollary 3
$A^{-1}$ $\geq$ $(A^{\frac{-1}{2}B^{1p}A}- \frac{-1}{2})^{\frac{1}{\mathrm{p}}}$ for $p \in[\frac{1}{2},1]$ . (2.12)
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(2.12) Theorem A $(1-b)$
$(A^{-1})^{1-t_{1}}$ $\geq$
$\{(A^{-1})^{\frac{-t}{2}}(A^{\frac{-1}{2}B^{1-p}}A^{\frac{-1}{2}})\mathrm{p}\lrcorner p(A-1)\neq^{\ell}-\}^{\frac{1-\ell}{\mathrm{p}_{1}-t_{1}}}$ (2.13)
for $1 \geq p_{1}>t_{1}\geq\frac{1}{2}$ .
(2.13) $p_{1}=p$
$A^{-(1t\iota}-)$ $\geq$
$(A^{\frac{-(1-\ell_{1})}{2}B^{1-p}A} \frac{-(1-t_{1})}{2})\frac{1}{p}\frac{-\ell}{-\ell_{1}}$ . (2.14)
(2.14)
$A^{-(1-t_{1})}$ $\geq$ ($A^{\frac{-(1-t_{1})}{2}B^{1-p}}A^{\frac{-\langle 1-t1)}{2})} \frac{-(1-t1)}{\langle 1-p)-\langle\iota_{-}t_{1})}$ (2.15)
for $\frac{1}{2}\geq 1-t_{1}>1-p\geq 0$ .
(2.15) $t_{2}=1-t_{1},$ $p_{2}=1-_{P}$
$A^{-t_{2}} \geq(A^{-t}\neq_{B^{p}A}2\frac{-t}{2}\mathrm{a}_{)}-arrow\ell \mathrm{p}_{2}-22$ for $\frac{1}{2}\geq t_{2}>p_{2}\geq 0$.
$(1-b)arrow(2-b)$
(d). $(2-b)arrow(3)$ $(2-b)$ .












$\leq$ $A^{2p-t}$ for $\frac{1}{2}\geq p>t\geq 0$. by Theorem L-H
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ A 4
22 2
Theorem A $(1-a)rightarrow(2-a)$
(e). (1–a) $arrow(2-a)$ (1–a) $A^{1-t} \geq(A\overline{\tau}^{\ell}B^{p}A\overline{\tau}^{\underline{\ell}})\frac{1-l}{\mathrm{p}-t}$ for $1 \geq P\geq\frac{1}{2}\geq t\geq 0$ with
$p\neq t$ . $t$ $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ L-H
$A^{t}$
$\geq$
$(A^{\frac{-t}{2}B^{p}A} \frac{-t}{2})^{\frac{\ell}{p-t}}$ . (2.16)
(2.16)





$A^{\frac{\ell}{2}}B^{-_{2}R}-(B^{\frac{-p}{2}A^{t}B} \frac{-\mathrm{p}}{2})^{\overline{t}}-RpB\frac{-\mathrm{p}}{2}A^{\frac{\ell}{2}}$ . (2.18)
(2.18)
$B^{p}$ $\geq$ $(B^{-_{2}}A^{t-}B2)-\lrcorner \mathrm{i}-B\mathrm{r}\overline{\ell}-p$ . (2.19)
(2.19) inverse
$B^{-p}$ $\leq$ $(B^{-R}\overline{2}AtB-_{2}-_{\epsilon L})^{-}\overline{t}-p$ (2.20)







for $1 \geq t_{1}\geq\frac{1}{9}\geq p_{1}\geq 0$ with $t_{1}\neq p_{1}$ .
$(1-a)arrow(2-a)$
(f). $(2-a)arrow(1-a)$ $(2-a)$ $A^{-t}\geq(A^{\frac{-\ell}{2}B^{\mathrm{P}}A^{\frac{-\ell}{2})^{\frac{-\ell}{p-t}}}}$ for $1 \geq t\geq\frac{1}{2}\geq P\geq 0$ with
$p\neq t$ . $t$ $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ L-H
$A^{-(1-t})$ $\geq$ $(A^{\frac{-t}{2}B^{\mathrm{p}}A} \frac{-t}{2})^{\frac{-(1-\ell)}{\mathrm{p}-t}}$ . (2.23)
(2.23)
$A^{t-1}$ $\geq$ $(A^{\frac{\ell}{2}}B^{-_{\mathrm{P}}}A^{\frac{\ell}{2}}) \frac{t-1}{\ell-p}$ . (2.24)
(2.24) Lemma $\mathrm{F}$
$A^{t-1}$ $\geq$ $A^{\frac{\ell}{2}}B^{\frac{-\mathrm{p}}{2}}(B^{\frac{-p}{2}A^{t}B^{-}}-_{R}2)^{t-B^{-_{s_{A^{\frac{t}{2}}}}}}L^{-} \frac{1}{p}-2$. (2.25)
(2.25)





$(B^{=}\neq A^{t}B^{=}2B)^{\frac{1-}{t-}\epsilon}p$ . (2.27)
(2.27) $A\geq B$
$B^{1-p}$ $\leq$ $B^{-}2A-RB-_{2}^{B}-$ by $A\geq B$
$\leq$
$(B^{=_{2}R}A^{t_{B\overline{2}}}-_{\mathrm{z}})^{\mathrm{H}}\mathrm{p}$ (2.28)









for $1 \geq p_{1}\geq\frac{1}{2}\geq t_{1}\geq 0$ with $t_{1}\neq p_{1}$ .
$(2-a)arrow(1-a)$ $(2-a)rightarrow(1-a)$
3
Theorem A 4 –
Theorem 5. If $A\geq B\geq 0$ with $A>0$ , then
$A^{q-tp}\geq(A^{\frac{-t}{2}}BA^{\frac{-t}{2}})p\mathrm{L}_{\frac{t}{t}}--$
holds under the condition (i) or (ii);
(i) $2p\geq q\geq p>t\geq 0$ and $1\geq q>0$
(ii) $1\geq t>p\geq q\geq 2p-1$ and $1>q\geq 0$ .
Remark. Theorem 5 (i) $q=1,$ $q=2p$ Theorem A (1) $,(3)$
Theorem 5 (ii) $q=0,$ $q=2p-1$ Theorem A
(2),(4) $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}5$ Theorem $\mathrm{F}$ Thmrem $\mathrm{F}$’
Theorem $\mathrm{F}’$ . If $A\geq B\geq 0$, then for each $q\in[0,1]$ ,
$A^{q-t} \geq(A^{\frac{-\ell}{2}}BpA^{\frac{-t}{2}})p-\mathrm{L}^{-}\frac{t}{\ell}$
holds for $p\geq q$ and $t\leq 0$.
Theorem A (3) best possible $A$
$B$ best possible K.Tanahashi
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Theorem 6 If $\mathit{8}\geq p\succ t\geq 0$ and $\alpha>0$, then there exist $A,$ $B\in B(H)$ such that $A\geq B\geq 0$ udth
$A>0$ and
$B^{2p+\alpha} \not\geq A^{\frac{t}{2}}(A^{\frac{-t}{2}B^{p}A}\frac{-\mathrm{t}}{2})^{\frac{2_{\mathrm{P}-}l+\alpha}{\mathrm{p}-\ell}}A^{\frac{\ell}{2}}$ .
4
Proof of Theorem 5.
Case (i). $A\geq B\geq 0$ Thrrem L-H $A^{q}\geq B^{q}$ for $1\geq q>0$
$A^{q},$ $B^{q}$ Theorem A (1)
$(A^{q})^{1-t_{1}}$ $\geq$ $\{(Aq)\frac{-\ell}{2}(B^{q})p_{1}(Aq)^{\frac{-t}{2}}\iota\frac{1-l}{p_{1}-t_{1}}\}$ (4.1)
for $1\geq p_{1}>t_{1}\geq 0$ with $p_{1} \geq\frac{1}{9}$ .
$2p_{1}\geq 1\geq p_{1}>t1\geq 0$ .
(4.1) $p_{1}=2q’ t_{1}= \frac{t}{q}$ $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}5$ (i)
$A^{q-t}$
$\geq$ ($A^{\frac{-\ell}{2}B^{p}A^{\frac{-\ell}{2})p^{\frac{-\ell}{-t}}}}g$ (4.2)
for $2p\geq q\geq p>t\geq 0$ and $1\geq q>0$.
Case (ii). $A\geq B\geq 0$ with $A>0$ Lemma 1 $A^{-pS}\geq(A\overline{\tau}^{\underline{1}}B^{1}-pA^{\frac{-1}{2})^{S}}$
for any $s\in[1,2]$ and $\frac{1}{s}\geq p\geq 0$ $s=_{p}^{f}$
$A^{-q}$ $\geq$ ($A^{\frac{-1}{2}B^{1-_{\mathrm{P}}}}A^{\frac{-1}{2})^{\theta}}p$ (4.3)
for any $\mathrm{z}\mathrm{n}\in[1,2]$ and $1\geq q>0$ .
(4.3) Theorem A (1)
$(A^{-q})^{(t_{1})}1-$ $\geq$ $\{(A^{-q})^{-}-t2\perp(A^{\tau^{1}}\overline{\sim}B1-pA\frac{-1}{2})^{\mathrm{z}_{p_{1}}}p(A-q)^{\frac{-t}{2}\iota}\}^{\frac{1-\ell}{p_{1^{-}}}\llcorner}t1$ (4.4)
for $2p_{1}\geq 1\geq p_{1}>t_{1}\geq 0$.
(4.4) $p_{1}=2q’ t_{1}= \frac{t}{q}$
$A^{-q+t}$ $\geq$ $(A^{\frac{-(1-\ell)}{2}B^{1p}A^{\frac{-(1-\ell)}{2}}}-)^{\mathrm{L}_{\frac{t}{t}}^{-}}p-$ (4.5)
for $2p\geq q\geq p>t\geq 0$ and $1\geq q>0$.
(4.5)
$A^{(1-q})-(1-t)$ $\geq$ $(A^{\frac{-(1-t)}{2}B^{1-p}}A^{\frac{-\langle 1-t)}{2})^{\frac{(1-q)-\{1-\ell)}{1^{\iota-}p)-\mathrm{t}\iota-t)}}}$ $(\dot{4}.6)$
for $1\geq 1-t>1-p\geq 1-q\geq 2(1-p)-1$ and $1>1-q\geq 0$ . .






for $1\geq t_{2}>p_{2}\geq q_{2}\geq 2p_{2}-1$ and $1>q_{2}\geq 0$ .
$(\mathrm{i}),(\mathrm{i}\mathrm{i})$ Theorem 5
Remark. Theorem 5 $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ A (1)
Theorem A (1) ?
Theorem A-s (satellite version).
(1) If $A\geq B\geq 0$ urith $A>0$, then $A \geq B\geq A^{\iota}\Sigma(A^{--}\overline{2}B^{p}A-)\overline{2}- p--\overline{t}A\frac{\iota}{2}$ for $1\geq p>t\geq 0$ thP $\geq\frac{1}{2}$ .
Theorem A (1) $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ 5-s
Theorem $5-\mathrm{s}$ .
(i) If $A\geq B\geq 0_{v\dot{n}}thA>0$, then $A^{q} \geq B^{q}\geq A^{\frac{t}{2}}(A\overline{\tau}^{\underline{t}}B^{p}A^{\frac{-t}{2}})pg\frac{-t}{-\ell}A^{\frac{\ell}{2}}$
holds for any $2p\geq q\geq p>t\geq 0$ and $1\geq q>0$ .
(ii) If $A\geq B\geq 0$ erytth $A>0$ , then $A^{q}$ $\geq$ $A^{\frac{1}{2}}(A \frac{-1}{2}B^{\mathrm{P}}A^{\frac{-1}{2}})^{\mathrm{A}_{\frac{-1}{-1}}}\nu A^{\frac{1}{2}}$
$\geq$
$A^{\frac{\ell}{2}}(A^{\frac{-t}{2}B^{p}A^{\frac{-t}{2})\mathrm{p}\overline{\exists}A^{\text{ }}}}g$
holds for any $1\geq t>p\geq q\geq 2p-1$ and $1>q\geq 0$ .





















for fix\’e $t_{1}$ and $p_{1}$ such that $\frac{1}{2}\geq t_{1}>p_{1}\geq 0$ .
$(2-b)$ best possibility [11] Theorem 6
Theorem 6
Corollary 7. If $\frac{1}{2}\geq p>t\geq 0$, then there exist $A,$ $B\in B(H)$ such that $A\geq B\geq 0$ urith $A>0$ and
$B \not\geq A^{\frac{t}{2}}(A^{\frac{-t}{2}B^{p}}A^{\frac{-t}{2})^{\frac{1-t}{p-\ell}A}}\frac{t}{2}$ .




Conjecture. If $A\geq B\geq 0$ with $A>0$ , then
$A$ $\geq$ $A^{\frac{\ell}{2}}(A^{\frac{-t}{2}B^{p}A^{\overline{T}^{t_{-}arrow-}}})p-\ell 1\ell A^{\mathit{1}}$ holds for any $\frac{1}{2}\geq p>t\geq 0$. (5.1)
Conjecture T.Furuta 2




$B^{\frac{5}{12}}A^{\frac{-1}{8}A1A^{\frac{-1}{8}}} \frac{5}{2}B^{\frac{5}{12}}$ by Theorem L-H
$=$
$B^{\varpi_{A^{\ulcorner}B^{\frac{5}{21}}}^{52}}2$
$\leq$ $A$ . ( $(5.1)$ $A$ )
$A$ (5.1) $A$ $A$
$A\equiv\geq\equiv B>0$ .
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ L-H –
(5.1) $p= \frac{5}{12},$ $t= \frac{1}{8}$
(2) $f(p)\equiv A^{\frac{\ell}{2}}(A^{\frac{-t}{2}B^{\mathrm{p}}A^{\frac{-t}{2}}})^{\frac{1-t}{p-t}}A^{\frac{\ell}{2}}$
$(\triangleleft’)p\geq 1$ and $t\leq 0\Rightarrow$
$A \geq B\geq A^{\frac{\ell}{2}}(A^{\overline{\tau}^{\ell}}BpA\overline{\tau}^{\ell})\frac{1-l}{\mathrm{p}-t}A\frac{\ell}{2}$ $f(p)$ $P$
(D) $1\geq p>t\geq 0$ and $p \geq\frac{1}{2}\Rightarrow$
$A \geq B\geq A^{\frac{\ell}{2}}(A^{\frac{-\ell}{2}B^{p}}A^{\frac{-\ell}{2})^{\frac{1-t}{p-\ell}A}}\frac{t}{2}$ $f(p)$ $P$
$( \text{ }\backslash )\frac{1}{2}\geq p>t\geq 0\Rightarrow$
$A^{2p} \geq B^{2p}\geq A^{\frac{t}{2}}(A^{\frac{-\ell}{2}B^{p}A^{\frac{-t}{2}}})\underline{2}\mathrm{p}-arrow^{-\underline{\ell}}\ell A\frac{\ell}{2}$ $f(p)$ $P$ .
$(\nearrow\backslash )$
$f(p) \equiv A^{\frac{\ell}{2}}(A^{\frac{-t}{2}B^{p}A^{\frac{-t}{2})^{\frac{2\mathrm{p}-t}{p-\ell}A}}}\frac{\ell}{2}$
( ) $(\mathrm{D})_{\text{ }}(\nearrow\mathrm{a})$
.
2 (5.1) –
Theorem 8 (Counterexample). If $p=0.3$ and $t=0.15$, then there exist $A,$ $B\in B(H)su\mathrm{c}h$ that
$A\geq B\geq 0$ with $A>0$ and
$A \not\geq A^{\frac{t}{2}}(A^{\frac{-\ell}{2}B^{p}}A^{\frac{-t}{2})^{\frac{1-t}{\mathrm{p}-\ell}A}}\frac{\ell}{2}$ .
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Example. $1-2p\geq\alpha>0$ $X,$ $\mathrm{Y}$
$X \equiv A^{2p+\alpha}-A^{\frac{\ell}{2}}(A^{\frac{-\ell}{2}B^{p}A^{\frac{-\ell}{2})^{\frac{2\mathrm{p}-\ell+\alpha}{p-\ell}A}}}\frac{\ell}{2}$ .
$Y \equiv B^{2p+\alpha}-A^{\frac{\ell}{2}}(A^{\frac{-\ell}{2}B^{p}A}\frac{-\ell}{2})^{\frac{2p-\ell+a}{p-t}}A^{\frac{\ell}{2}}$ .





$X$ 57785.0756 $\cdots,$ $87.9132\cdots,$ $-\mathrm{o}.9723\cdots$ $X\not\geq \mathrm{O}$
$Y=$
$\mathrm{Y}$ 104 .8795 $\cdots,$ $-9.5621\cdots,$ $0.6990\cdots$ $Y\not\geq \mathrm{O}$
(2). $0.37=\alpha<1-2p=0.4$
$X=$
$X$ 41578.4615 $\cdots,$ $64.2655\cdots,$ $-\mathrm{o}.0014\cdots$ $X\not\geq \mathrm{O}$
$Y=$
$\mathrm{Y}$ 74.4826 $\cdots,$ $-6.1697\cdots,$ $0.6733\cdots$ $Y\not\geq 0$
$p=2t$ $P$ Theorem 8 2 $\mathrm{x}2$
Theorem A (3) –
Conjecture. If $\frac{1}{2}\geq p>t\geq 0$ and $\alpha>0$, then t.here exist $A,$ $B\in B(H)$ such that $A\geq B\geq 0$ with
$A>0$ and
$A^{2p+\alpha}\not\geq A^{\frac{\ell}{2}}(A\overline{\tau}^{\ell 2}B^{p}A^{\frac{-t}{2}})^{\mathrm{R}^{-}}\mathrm{p}^{\frac{t+a}{-\ell}}A^{\frac{t}{2}}$ .
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